We reconsider the Pfitzner and Wölfle results concerning the quasi-particle scattering amplitude in Fermi liquid and adopt them to the sufficiently low-temperature and flat-confined systems, where solely two types of quasi--particle interactions are permitted. We find relations between the pairing interaction and Landau parameters and establish plain criteria for the creation of singlet or triplet Cooper pairs. Moreover, we present methods allowing us to estimate values of interaction parameters and transition temperatures in flat-confined systems basing on their bulk parameters. The obtained results are in agreement with experimental data for helium-3 and its films and explain an absence of superconductivity in alkali metals.
Introduction
In all investigations of superfluid and superconducting Fermi liquids onę always considers two types of quasi-particle interactions, i.e., the Fermi liquid interaction and the pairing interaction. These interactions are treated a priori independently, and parameters of their series expansions in Legendre polynomials are found from experiments for the Fermi liquid interaction (socalled Landau parameters), or postulated with reference to experimental data for the pairing interaction. Such treatment of a problem, though it is very convenient, it is not entirely correct. Pfitzner and Wolfle [1] , considering the quasi-particle scattering amplitude from a semi-microscopic model by analytically solving a generalization of Landau,s integral equation to momentum transfer up to 2pF, showed that there exist general relations between the spin-independent parts of scattering amplitude separated with regard to singlet and triplet components or spin-direct and spin-exchange parts, respectively. However, the mathematical formalism used in such general problem was very involved and complicated, therefore the obtained results could not find a simple application.
The purpose of this paper is to find the plain relations between the pairing interaction and Landau parameters and explain the problem of cut-off energy, which makes prospects to estimate the superfluid or superconducting properties of a system in virtue of its behaviour in a normal phase. Though the similar efforts were performed in [2] [3] [4] the results obtained there were not precise enough to find a direct application. The formalism used herein was improved by Pfitzner and Wölfle [1] , therefore the results obtained by us are more consistent and convincing, and they reveal better agreement with experimental data [5] . Moreover, the achieved clarification and simplifications allow us to expand this problem for flat-confined systems and exam the appearing effects connected with reduced dimension [6] .
Flat -confined Fermi systems
In order to consider the above problem in case of flat-confined systems we employ the formalism given in [6] , where we estabhshed the fractal dimension d where 2 ≤ d ≤ 3 for a reverse (momentum) space of such systems and developed analytical methods to research them. In outline, the problem can be presented as follows. We assume that the slab is set parallel to the xy-plane and the walls are located at a distance L. The separation L can vary from the distance of the order p F -1 ( p F i s t h e F e r m i m o m e n t u m i n t h e 3 -d i m e n s i o n a l s p a c e , c f . [ 6 ] ) t o i n f i n i t y . I t causes that the momentum space is discrete in pz direction and equals pz = πn/L, where n is an integer [6] [7] [8] [9] . The Fermi surface in such space can be constructed as the result of intersection of the discrete space and the Fermi sphere and constitutes the set of concentric circles collocated on the sphere [10] [11] [12] . For the specified structure the averaging over the Fermi sphere is of the form [6] [7] [8] [9] :
where N0 = pdL/π and N = [N0 ] +1 ([N0] is the nearest integer smaller than N0 ). We also apply the notation N0 = N -β, then β increases from 0 to 1 (0 < β ≤ 1) when L lessens in the suitable range [6] . Moreover, we can define relationship between the dimension d and distance L, and for large L we get
Connections amongst system parameters
In any superfluid (superconducting) Fermi systems we can specify three groups of parameters which describe the quasi-particle interactions i.e. Fermi liquid interaction, scattering amplitude and pairing interaction. These interactions after multiplying them by a density of states on the Fermi surface become dimensionless quantities. If we separate their spin components they can be written in the following form which is valid for the confined system, too.
where σi are the Pauli matrices (σ0 is a unit matrix) and p, p define momentum directions of incoming and outgoing quasi-particles in case of the pairing interaction or two incoming quasi-particles in other cases, respectively. It is well known that the scattering amplitude and Fermi liquid interaction are entirely equivalent. Moreover, we show below that the pairing interaction is not independent of them.
In general case, when the system size is confined and the momentum space is not isotropic, the system can distinguish just one direction z and each scalar function of discussed interactions can be independently expressed as (cf. In order tó star dardize-parameters of the interactions under consideration we use the following conventional symbols in three-dimensional case. The Fermi liquid interaction parameters, the socalled Landau parameters, have the form and satisfy the relation -1 < αjs,a < ∞. The scattering amplitude parameters have the form and satisfy the relation -∞ < rjs,a < 1. Moreover, the above parameters are not independent and fulfil the relation [13] The pairing interaction parameters have the form and gr E 0 for all even, odd j, respectively, according to the Pauli exclusion principle. The pairing state (Cooper pairs) can appear only if there exists at least one positive gjs,a parameter. We do not discard the negative-value pairing parameters gjs,a since the existence of them allows us to exclude any coupled states and secondary effects connected with additional coupling constants. Note that the above defined pairing ínteraction constitutes the generalization of the standard form where it is assumed that the pairing interaction as a function of energy is constant till cut-off energy ε, and zero above it. However, the pairing interaction defined in such a way contains only positive definite parameters which can be performed in the form [14, 15] where the parameters Djs,a denote values of the pairing energy per quasi-partic-_ le in states with the fixed quantum number j, therefore Djs,a E 0 for all even, odd j, respectively, and the dominating one can be identified with the ground state energy gap Though gjs,a can depend logarithmically on the cut-off energy εp which value is not determined univocally for Fermi liquids, and as long as in final results gjs,a appear only as independent of εp , we are fully justified in using them as some physical parameters. On the other hand, the cut-off energy can have physical meaning and e.g. for superconduction it is identified with the Debye energy. Then the above comment is superfluous. Note that the parameters αjs,a, rjs,a and gj s , a tend to zero if j tends to infinity. This statement together with experimental data permits to reduce the number of parameters which are of physical relevance. Let us consider now the relations between the scattering amplitude and pairing interaction parameters in a few most important cases.
Plain relations in three -dimensional case
Considering a real d = 3 Fermi liquid system, where the total rotational symmetry is imposed, we should restrict ourselves to sufficiently low temperatures and assume that the energy and momentum of Landau quasi-particles can be taken from the Fermi sphere or its immediate vicinity. It causes that quasi-particle collisions can be realized in two characteristic forms which are equivalent to the physical scattering amplitude on the Fermi sphere and the pairing interaction, respectively [16] . Since these two types of interactions constitute the limiting cases of the general form of the scattering amplitude considered in [l], we have the right to compare them when they describe identical collisions. This takes place only when two quasi-particles with opposite momenta scatter to the same state. However, sueh approach is only Simplfication of the problem when we neglect feedback effects between the above interactions (cf. [2] [3] [4] ). Fortunately, the feedback effects depend on the cut-off energy and they have to disappear for one specific value of εp owing to analytical properties of the pairing interaction. Therefore we also have the right to ignore them and fix εp if the value of the cut-off energy does not influence final results. Then, after some algebra we get the following relations: which after regarding Eq. (11) allow us to consider gjs,a as functions of Landau parameters.
Let us verify now the formulas (14) and (15) in relation to helium-3. We assume that solely gó and g s 1 d o n o t v a n i s h a n d w e t a k e i n t o a c c o u n t j u s t t h o s e Landau parameters which are experimentally available in an unshakeable manner, i.e. αó, αó and αs1. They are functions of pressure and their values are given in Ref. [5] . Though the parameters go and g s 1 d e p e n d o n t h e y c a n b e e s t i m a t e d numerically according to imposed conditions. However, the obtained results can only be used to identify a sign of the parameters and to observe their dependence on pressure.
In Fig. 1 , we present the forms of gs1 and gó as functions of pressure. Note that the pairing parameters fulfil the inequalities 0.26 < gs1 < 0.36 and -1.74 < ga1< -1 . 2 6 , w h i c h p r o v e t h a t t h e r e c a n a p p e a r o n l y t r i p l e t C o o p e r pairs.
The most spectacular achievement and advantage of the present formalism is connected with the expression of the critical temperature Tc as a function of pressure by means of the Landau parameters. Taking into account the well-known formula defining transition temperatures in BCS-like systems i.e. T c = const exp(-1/gs1 ), we can transform it to the form which becomes independent of cut-off energy. P 0 is an arbitrary value of pressure for which T c (P0 ) has to be taken from experiment. After employing Eq. (14) we find the critical temperature as a function of pressure. The shape of a resulting curve coincides with experimental data and is independent of εp which ensures that the used formalism is gauge invariant. Moreover, the curve can be fitted precisely by means of suitable choice of the data, as demonstrated in Fig. 2 .
Since the Fermi surface is almost spherical in alkali metals, the Fermi liquid approach can be applied in this case and the Landau parameters can be sensibly defined. However, now the scattering amplitude must be modified in relation to neutral Fermi liquid because of existence of the long-range part of the quasi-particle interaction connected with the Coulomb interaction of electrons. Fortunately, the influence of this interaction, according to [13] , can be compensated by putting rs0≡ 1 . N o t e t h a t t h o u g h t h e p a r a m e t e r sg j s , a a r e p r o b a b l y a l s o m o d i f i e d , t h e y still remain arbitrary and default quantities. In such situation, when applying the developed formalism, we can consider the possibility of creation of superconducting states only with respect to the Landau parameter αs1 and αa0. These parameters are immediately connected with the effective mass (heat capacity) and Fermi liquid spin susceptibility, hence they can be easily evaluated in normal phase. In Fig. 3 we define the regions on αa0αs1-plane in which the parameters gs1 and ga0h a v e a fixed sign. Note that there exists a region where the superconductivity (singlet and triplet) cannot be realized at all. The above results allow us to state that according to data given in Ref. [13] the alkali metals potassium (K) and sodium (Na) can never become superconductors.
Plain relations in two -dimensional case
In the two-dimensional case (a monolayer system, L < π/pd and d= 2) we have to restrict ourselves to one Fermi ciocle (N = 1), only (cf. [6] ). Now, the Fermi liquid interaction, scattering amplitude and pairing interaction can be extended in Fourier series, because of full rotational symmetry in a plane. Hence, the relations (14) and (15) o f r j s , a , gjs'a and αjs,a, respectively, and they are defined according to Eq. (6). Moreover, the Fermi liquid interaction and scattering amplitude parameters fulfil the relation (cf. Eq. (11)) where -∞ < p j s, a < 1 and -1 < αj s ,a <∞. Now, again the pairing interaction parameters γ;'a E 0 for all even, odd j, respectively, according to the Pauli exclusion principle. Therefore, superfluid or superconducting properties of a two-dimensional system can be estimated by means of two-dimensional equivalents of the Landau parameters (cf. Eq. (7)), modifications of which should be determined independently.
Plain relations in reduced dimension case
In general case of confined systems (2 < d < 3) the problem becomes strongly complcated because of a great number of parameters Xj m (d) and the lack of information about them. However, if we restrict ourselves to weak-confined systems only, i.e., when ε = 3π/4p3L « 1, we can find relations between parameters of scattering amplitude and Fermi liquid interaction and establsh the Pomeranchuk-type stability conditions in standard manner (cf. [6] ). The obtained relations have the following form:
where the above parameters are defined according to prescription given in Eqs. (9) ) for all values of rjs,a or αjs'a and satisfies the Pomeranchuk-type sta-. bility conditions. Note that the above solution is equivalent to the statement that the quasi-particle interaction is proportional to fractal volume of the momentum space.
Considering our results with respect to superfluid helium-3 we ascertain that the pairing interaction parameter has to be modified according to the same rules as the rest and we get These results imply that the effective value of the pairing interaction decreases in flat-confined systems and hence the estimations of transition temperatures give lower values of Tc in comparison to those obtained in [9] which should allow us to improve the agreement of theory developed in [9] with experimental data [17] .
In relation to alkali metals, for which flat-confined systems can be identified with thin metallic films, we conclude that the proportional alterations of all interaction parameters do not affect an'equihbrium state.
Conclusions
The presented formalism proves that the Fermi liquid and pairing interaction correlate which implies that the Fermi liquid interaction cannot be ignored in superfluid or superconducting systems. Hence, the superfluid state never can be realized in a free quasi-particle gas. Moreover, we showed that the cut-off energy, which manifests as a non-physical parameter in the theory of superfluid helium-3, can be always eliminated from these results for which we can give physical interpretation. Therefore, in accordance with Ref. [15] it never determines behaviour of a system. The formulas presented in our paper constitute the simple medium which permits to predict the appearance of phase transitions to a superfluid or superconducting state in a wide class of 2-up to 3-dimensional Fermi liquid systems and enables to study properties of new states exploiting their static and kinetic quantities defined in a normal phase. We also should mention that within the frame of our approach merely quantitative modifications of a system state induced by its size, such as transition temperature or critical thickness, are available (cf. [8] ). Only one aspect of this problem has been for the first time discussed in the present paper and further investigation is needed.
